A Note on Contraction Mappings  by Naimpally, S.A.
MATHEMATICS 
A NOTE ON CONTRACTION MAPPINGS 
BY 
S. A. NAIMPALLY 
(Communicated by Prof. H. D. KLoosTERMAN at the meeting of February 29, 1964) 
Let (M, d) be a metric space with metric d. Let f be a selfmapping 
of M. Then f is called A-locally contractive if to each x EM, there cor-
responds an e(x)>O such that for all p, q EM, p=l=q, lying in the sphere 
S(x, e(x)) 
(I) d(/(p), f(q))<Ad(p, q), 0<A<l. 
Also we suppose that there exists xo E M such that the sequence of 
iterates {fn(x0)} contains a subsequence {tni(x0)} which converges to 
(2) ~EM as i-l>-oo .... 
In [I], M. EDELSTEIN has shown that if A= I and e(x) is independent 
of x, then (I) and (2) imply that ~is a periodic point of f. Further in the 
same paper he has shown that if e does depend on x, then~ need not be 
a periodic point of f. The space in Edelstein's counter-example is not 
connected. In [2] E. RAKOTCH has constructed a complete and connected 
metric space and a -!-locally contractive selfmapping of it which has 
no fixed point. In this example, however, condition (2) does not hold. 
It is the purpose of this note to show that there exists a connected 
metric space (M, d) satisfying (2) and (I) with A< 1 without ~ being a 
periodic point of f. 
I am greatly indebted to Professor M. Edelstein for suggesting the 
problem and for his helpful advice. 
For the sake of completeness we describe the counterexample given 
in [2]. Let 
G= {(0, y, z)iz=y sin:!:, -I <Y< 0} U {(0, 0, 0)}. y 
For two zeros YI. y2 of the function sin :!: denote by l(y1. y2) the arc of y 
G between y1 and y2• Clearly l( -I, 0) is infinite and therefore, there is 
an increasing sequence of zeros {Yn}, n = 0, l, 2, .. . of sin:!: all lying y 
between -I and 0, such that Yo= -I and l(yn, Yn+l) > 2n+l, 
Let Gn = {(0, y, z)I(O, y, z) E G, Y>Yn} 
Zn = { (0, y, z)l-1 <Y<~=} 
19 Series A 
l Qn =Zn U -Gn 2n 
Yn = Qn+(O, n, 0) 
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ln (p~, p2) =length of the arc between points p~, p2 E Y n and define a 
mapping An on Y n onto Y n+l by 
I (0, n, 0) for (x, y, z) E Zn + {0, n, 0) 
( 2n+1 + Yn+l Zn ) 0, n + 2l(yn, Yn+l) ln ((x, y, z), (0, n + 2n, 0), 0) 
An(X, y, z) = 1 for (x, y, z) E 2n (Gn -Gn+l) + (0, n, 0) 
( y+n+2 z) l 0, 2 , '2 for (x, y, z) E 2n Gn+l + (0, n, 0). 
00 
Let Y = U Y n· It is clear that An is !-locally contractive. 
The space Y will be used below to construct our example. For this 
purpose we shall also make use of a discrete set of points described in [l ]. 
In addition to the set of points Y, we choose points 
(~, i, 0)' 
( ~' i, l)' 
n=l, 2, 3, ... 
n=2i,2i+l, ... i=l,2,3, ... 
n=2i, i=l, 2, 3, .... 
We make this point-set connected by using sets like Yn in planes 
perpendicular to the x- y plane. Let 
We choose a sequence of zeros {u1}, j= l, 2, 3, ... of the function sin~ 
1/, 
(such that -1 < u1 < 0) inductively as follows: u1 = -l. Having selected 
U1, u2, ... , Um-l we select Um so that l(um-b Um)>m 2m. 
Let Cm = {2~_1 (u, v, w)f(u, v, w) E C1, u;>um}. 
If n=F 2i, we connect the points (n: 1 , i+ l, 0) and(~, i, 0) by a copy 
of Cm (where m = 3n; 1 or 32n according as n is odd or even) in a plane 
perpendicular to the x -y plane (with (u, v, w) = (0, 0, 0) ~ (x, y, z) = 
= (-1-, i+ l, o) followed by a st. line segment. 
n+l 
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( - 1-, i+ 1, o) 
n+l 
3n-l 3n 
copy of Om, m = - 2- or 2 
(~, i, 0) 
Ifn=2i, we connect(~, 0, o) and(~' i, l) by a copy ofOm[ m= 3n; 2J 
followed by a segment as above and connect ( ~, i, l) and ( ~, i, 0) by 
a segment. 
(~, i, o) 
(~,o,o) 
Let Z be the resulting point-set. 
Let M = Y u Z and d be the usual Euclidean metric: Then (M, d) is 
a connected metric space. We define a selfmapping I on M as follows: 
IIYn=An 
1(~, i, 0) = (n:l' i+l, 0 ), n~2i 
1(~,i,z) = (~,o,o), n=2i, O<z<l. 
On other points of Z, I acts as described below. 
Case l. n= 2i 
(~, t, 0) 
(n~ 1 ,I,o) 
(~, 0, 0) 
3n-2 
m=--
2 
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We use the term "coil" to denote a connected subset of a copy of Om, m= 
= 1, 2, 3, .... Let f map the segment starting from ( ~' i, 1) onto(~' 0, 0 ); 
the arc of the coil between points distant 12: Um+ll and ~ 2~_1 Um l from 
( ~, 0, 0) [ m = 3n;; 2] after uniform contraction onto the segment starting 
from ( ~, 0, 0). Since the length of the coil is greater than 2m, this is at 
least !-contraction. The rest of the coil up to ( ~, 0, 0) is contracted by 
half and mapped onto the coil ending at (-1- , 1, o) . 
. n+1 
(~, i, 0) 
(~, i, 1) 
( 1 . )· n-1'~-1,0 
We map the segment starting from ( n~ 1, i -1, 0) onto ( ~, i, 0), the 
coil between distances ~ 2~_2 Um-l I and ~ 2~_1 Um l from ( ~, i, 0) is mu-
formly contracted and mapped onto the segments starting from ( ~, i, 0) 
and ( ~, i, 1). Since the above coil has arc length greater than 2(m -1) = 
= 3n- 4 = 6i- 4 and the two segments together are smaller than i + 2, 
we have clearly at least !-contraction for i > 2 and the fact that it is at 
least !-contraction for i = 1 is easily v:erified. The rest of the coil ending 
at ( ~, i, 0) is uniformly !-contracted and mapped onto the coil ending 
at(~' 0, 0 )· 
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Case 2: not= 2i 
(n~l' i+l, o) 
(~' i, n 
(n~ 1 ,i-I,o) 
We map the segment starting from ( n ~ I , i- I, 0) onto ( ~, i, 0) the coi1 
between distances ~ 2~_1 Um I and ~ 2~ Um+I I from ( ~, i, 0) [ m = 3n; I or 
3; according as n is odd or even J is uniformly contracted and mapped onto 
the segment starting from ( ~, i, 0 )- The rest of the coil ending at ( ~, i, 0) 
is uniformly -!-contracted and mapped onto the coil ending at (-1-, 
n+1 
i + 1, 0). It is clear that there is at least -!-local contraction. 
So (M, d) is a connected metric space with metric d and I is a -!-locally 
contractive selfmapping. Condition (2) is satisfied because {In (1, 0, 0)} 
has a subsequence { ( 2~, 0, 0)} converging to (0, 0, 0,) but (0, 0, 0,) is 
not a periodic point of I. 
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